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ABSTRACT 

We study the ring of polyfunctions over Z/nZ. The ring of polyfunctions 
over a commutative ring R with unit element is the ring of functions f : 
R — R which admit a polynomial representative p € R[x] in the sense that 
f(x) = p(x) for all x € R. This allows to define a ring invariant s which asso- 
ciates to a commutative ring R with unit element a value in N U {oo}. The 
function s generalizes the number theoretic Smarandache function. For the 
ring R = Z/nZ we provide a unique representation of polynomials which 
vanish as a function. This yields a new formula for the number ‘¥(n) of 
polyfunctions over Z/nZ. We also investigate algebraic properties of the 
ring of polyfunctions over Z/nZ. In particular, we identify the additive 
subgroup of the ring and the ring structure itself. Moreover we derive for- 
mulas for the size of the ring of polyfunctions in several variables over 
Z/nZ, and we compute the number of polyfunctions which are units of 
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1. Introduction 


In a finite field F, every function f : F — F can be represented by a polynomial, i.e., there exists a 
polynomial p € F[x] such that f(x) = p(x) for all x € F. Such a polynomial is, e.g., given by the 
Lagrange interpolation polynomial for f Among the commutative rings with unit element, the 
finite fields are actually characterized by this representation property (see [18]): 


Theorem 1 (Rédei, Szele). If R is a commutative ring with unit element then R is a finite field if 
and only if every function f : R— R can be represented by a polynomial in R[x]. 


If a commutative ring R with unit element is not a field, it is natural to ask what can be said 
about the functions from R to R which can be represented by a polynomial in R[x]. These func- 
tions are called polynomial functions or polyfunctions for short. The set of polyfunctions 


{f:R—R| dpe R[x] Vx ER: p(x) =f (x)}, 


equipped with pointwise addition and multiplication, is a subring of R®. This ring of polyfunc- 
tions over R will be denoted by G(R). Of particular interest are the polynomials which correspond 
to the zero element in G(R), they will be called null-polynomials (see, e.g., [19]). It is the objective 
of this article to investigate the algebraic structure and combinatorial properties of the ring of 
polyfunctions G(Z,/nZ). 
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More generally, one can study the ring of multivariate polyfunctions in d € N variables—this 
ring is defined as the set 


{f :R? > R| Ape Rix1,X2,.-..%4] Vx = (1, -%a) € R? : p(x) = f(x)}, 


equipped with pointwise addition and multiplication. We denote this ring by Gg(R) and write 
G(R) = G(R), in accordance with the notation introduced above. 

Polyfunctions in one variable over Z,/nZ, were already discussed by Kempner [12, 13], who gave a 
formula for the number ‘¥(m) of polyfunctions over Z/nZ, which was subsequently simplified by 
Keller and Olson in [10] (see also the work of Carlitz [4] in the case where n is a power of a prime). 
Regarding polyfunctions in d variables we refer to Mullen [16] and more recently to [9]: In [9, 
Theorem 2, p. 5], a characterization theorem is proved which allows to tell whether a given function 


f:(Z/n )4 4 Z/nZ isa polyfunction or not. Furthermore, a formula for the number of polyfunc- 
tions ‘¥4(m) in d variables over Z,/nZ, is obtained. In the present work, we provide an alternative for- 
mula for ‘¥(m) and a new proof of the formula for ‘Y4(m) given in [9]. 

Polyfunctions from Z,/nZ, to Z,/mZ, have been discussed by Chen [5, 6] and Bhargava [3]. The 
focus there is to find conditions on the pair (m, n) such that all functions (or certain subclasses) 
from Z,/nZ, to Z,/mZ, are polyfunctions. These results have been generalized to polynomial functions 
in the residue class rings of Dedekind domains by Li and Sha in [14]. Dueball in [7] considered poly- 
nomials mod p” with integer coefficients. He showed that the values of such a polynomial f(x) are 
already determined when x runs through a certain subset of residues. He also provided a formula to 
generate polynomials which vanish mod p” for all integral values of x. 

To each commutative ring R with unit element, we can associate a number s(R) € N U {co} 
which is defined to be the minimal degree m such that the function x+> x” can be represented 
by a polynomial in R[x] of degree strictly smaller than m, ie. 


s(R) := min{m € N |p € R[x], deg(p) < m, Vx € R: p(x) = x'"} (1) 


if such an m exists, and s(R) = oo otherwise. 

If s(R) is finite, the monomial x‘\®) can be represented by a polynomial p of degree less than 
s(R). Therefore, the normed polynomial q(x) = x*®) — p(x) represents the zero-function. Vice 
versa, if r(x) is a normed null-polynomial of minimal degree m, then m = s(R). Hence, s(R) can 
be interpreted as the minimal degree of a normed null-polynomial over R. 

An alternative and, for reasons that will become clear later, preferable way to view the function 
defined by (1) is as follows: The building blocks of polynomials are the monomials x9, x1, x7, 00. 
We say, a monomial x” is reducible, if the function xt+ x” can be represented by a polynomial 
in R[x] of degree strictly smaller than m. Then, s(R) is the number of non-reducible monomials. 

The function s is a ring invariant which generalizes the classical number theoretic 
Smarandache function s: N - N, 


nr s(n) := min{k € N : nlki}, (2) 


which is named after the Romanian mathematician Florentin Smarandache, but which has been 
originally introduced by Lucas in [15] (for prime powers) and Kempner in [11] (for general n). 
The function s defined in (1) will be called Smarandache function because n+ s(Z,/nZ,) coincides 
with the usual Smarandache function n+ s(n) (see Theorem 2). In the context of general com- 
mutative rings with unit element, this function will be studied in a forthcoming paper [20]. We 
also refer to [17], where polyfunctions over general rings are discussed. 

The article is organized as follows: Section 2 establishes a unique representation theorem for 
null-polynomials (Theorem 8). This provides a new formula for the number ‘¥(n) of polyfunc- 
tions over Z,/nZ, (Corollary 9 and Proposition 11). In Section 3, we investigate algebraic proper- 
ties of the ring of polyfunctions over Z//nZ. In particular, we identify the additive subgroup of 
the ring (Theorem 14) and the ring structure itself (Theorem 18). We also investigate the 
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multiplicative subgroup U,, of units in the ring (Propositions 22 and 27). Section 4 comprises a 
description of the ring of polyfunctions in several variables over Z/nZ. In particular, we give a 
new formula for the size of this ring (Proposition 26). 


1.1. Notational conventions 


Unless stated otherwise, 1 will denote a natural number > 2 and Z,, = Z/nZ is the ring of inte- 
gers modulo n. We adopt the notation (a, b) for the greatest common divisor of the integer num- 
bers a and b, and we write a|b if b is an integer multiple of a. Furthermore, for f,g € Z,|x] we 
will write f=g modn to mean the equality of polynomials and we will write 
f(x) = g(x) mod n if the functions defined by f and g agree. 


2. Combinatorial aspects of polyfunctions over Z, 
2.1. The Smarandache function 


In this section, we want to determine the minimal degree of a normed null-polynomial in Z,,[x]. 
We call a polynomial normed, if its leading coefficient is 1. The answer is given in the follow- 
ing theorem: 


Theorem 2. s(Z,,) equals the Smarandache function s(n) defined in (2). 


Remark 3. According to our conventions, n > 2 as the case n=1 should formally be excluded 
since Z, is not a ring with unit element. However, if n=1 we can still make sense of s(Z1) if we 
view Z, as {0} and it holds that s(Z,) = 0 but s(1) = 1. Kempner originally defined s(1) = 1 in 
[11] but changed it to s(1) = 0 later on in [12, 13]. By defining 

s(n) := min{k € No : nlki}, 
this ambiguity can be avoided (see also [9, p. 7]) and the theorem might be stated for every 
1 <né€N. Another proof of Theorem 2 also appears in [8, Theorem 7, p. 126]. 


In order to prove Theorem 2 for n > 2, we first show that s(Z,,) < s(n). This is established by 
giving a normed null-polynomial of degree s(n). In fact, we have 


s(n) 
p(x) := [[@+2a a (* 5” Jot = 0 modn 


i=l 


for all x € Zn. 

The second step consists in proving the reverse inequality s(Z,,) > s(n). This follows easily 
from the combinatorial identity which connects the binomial and the Stirling numbers of the 
second kind (see, e.g., [1, 3.39, p. 97] or [8, Lemma 3]): For all r,j € No there holds 


em car ren 

a 1) ({)r=n é 

i=0 

(with the convention 0° := 1). In particular, it follows that 
ds (7) i = Ser! (3) 
i=0 : 

for k € {0,1,...,r}. Now, we consider a null-polynomial p over Z,,, ie., we assume 


p(i) = S- a.i* =0 modn 


k=0 
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for all ic Z,. Then, it follows from (3) that modulo n 


r 
= y AO! = a,r! 
k=0 


This establishes the desired inequality s(Z,,) > s(n) and the proof of Theorem 2 is complete. 
In order to gain more insight in the ideal of null-polynomials in Z,,|x], we need a stronger 
version of Theorem 2. First we consider the following simple lemma: 


Lemma 4. Let A and C denote matrices with integer coefficients, y a vector with integer components 
and I the identity matrix. If A'C = ml mod n, then Ay =0 mod n implies my = 0 mod n. 


Proof. Modulo n we have 


0= CAy = (y'A'C)' = (y'ml)' = my. 


Lemma 4 allows to prove the following stronger form of Theorem 2. This will be the tech- 
nical key to the understanding of the null-polynomials in Section 2.2, the structure of the 
additive group of the polyfunctions in Section 3.1, and of their ring structure in 
Section 3.2. 


Theorem 5. If p(x) = a) + a,\x+---+ a,x" vanishes in Z, on the set x € {a,a4+1,...,a+r} (in 
particular, if p is a null-polynomial over Z,,,), then axr! = 0modn holds for all k € {0,1,...,r}. 


Proof. For « € {0,1,...,—1} andj € {a,«+1,..,«+1r}, we consider the polynomials 


a+r r 

Riolx) = [[@ —k)= eax 
k=o k=0 
dj 


Obviously, we have gj, ,(i) = 0 whenever i € {#,0+1,....%+ 7} is different from j, and g,.(j) = 
(j — a)!(—1)**" (a + r — j)!. Hence, we obtain for i,j € {a,0+1,...,0+7r} 
atr—j r : 
(—1)** eu 1 Biol = yr! 


This identity can be read as AD=r'l for the matrix (A), = #, i€{oa0+1,...0a+r},ke 
{0,1,...,r}, and the matrix 


Dy = (7,7, ) ge 


k € {0,1,...r}, 7 € {a,a+1,...0+7r}. Finally, from it follows A'C = r'Il for C=D'. Thus, the 
hypotheses of Lemma 4 are fulfilled with m=r!. 
From the hypothesis of Theorem 5 it follows moreover, that Ay=0O mod n for the vector 


y = (ao, ay,...,a,)' and hence, the conclusion of Lemma 4 gives the desired result. 
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2.2. Decomposition of null-polynomials 


In this section we analyze the null-polynomials in Z,,[x], ie. the polynomials which vanish as a 
function from Z,, to Z,. In particular we will determine the number of null-polynomials which 
then allows to compute the number of polyfunctions over Zn. 

We introduce the following notation for 2<n¢€N : q(n) denotes the smallest prime divisor 
of n, t(n) := card{s((n, a!))|s((n, «!)) > q(n),a € N} and 


{s((n, a))|s((m, a!) > q(n),0 € N} =: {By Bar» Bum} 
where the numbers /; are numbered in descending order, i.e. 
s(n) = B, > By > +++ > Bun) = 4(n). (4) 
Here, s continues to denote the number-theoretic Smarandache function. We have 
Bir = 8((n, (By — 1)!)) 


for |] = 1,...,t(n) — 1: To see this, let « € {q(n), q(n) + 1,...,5(n)} be such that f, = s((n,a!)). If 
k = (n,a!), then s(k) is the smallest number such that k|s(k)!. If « > s(k) we might replace « by 
s(k) and obtain (n, a!) = (n,s(k)!) = (n, B)!). Therefore B,; = s((n,B,!)) and 6,,, = s((n, (f) — 
1)!)) < f, as claimed. 

Furthermore, we define 


n 
Ak i= (5) 
(n, By!) 
and consider the basic null-polynomials in Z,,[x] : 
Bx 
by(x) := a | [(«+8) (6) 


Why the null-polynomials are important becomes clear in Theorem 8 below. But first we con- 
sider an example and give some computational remarks. 


Example 6. The smallest prime divisor of n=90 is q(90) = 2, and s(90) = 6. In order to com- 
pute the degrees {, according to (4), notice that we only need to consider values « € 
{q(n), q(n) + 1,...,s(”)}. For these values, we have 


ot (90, a!) 5((90, «!)) 
2 2 2 
3 6 3 
4 6 3 
5 30 5 
6 90 6 


From this table, we read off ¢(90) = 4 and 
Bi =6, B,=5, B3=3, By =2. 
The coefficients «, are now computed by (5): 
m%=1, %=3, o=15, o,=—45. 
The basic null-polynomials for n = 90 are therefore 
by (x) = (1+ x)(2 + x)(3 + x)(4 + x)(5 + x)(6 + x) 
bo(x) = 3(1 + x)(2+x)(3 + x)(4+x)(54 x) 
b3(x) = 15(1 + x)(2 + x)(3 + x) 
ba(x) = 45(1 + x)(24 x) 
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Remark 7. It is useful to note, that by construction we have 
(n, (k + 1)!) = (1, Bj!) 
for alk +1 € {6,8 +1,....B;1 — 1}. 


Note that Kempner [12, 13] also introduces basic null-polynomials of the form 
2 s(d)-1 


bx) == [J @-A) 


=0 


where d> 1 is a divisor of n. If d>1 runs through all divisors of n in decreasing order, we only 
list polynomials which are not multiples of polynomials that already appeared. In the present 
case, when n= 90, one obtains in this way the basic null-polynomials 


by(x) = x(x —1)(x— 2)(x— 3)(x—4)(x— 5) 
bo(x) = 3x(x — 1)(x — 2)(x— 3)(x— 4) 
b3(x) = 15x(x — 1)(x— 2) 

ba(x) = 45x(x — 1) 


The difference stems from the fact, that we introduced a normed null-polynomial of minimal 
degree by defining 


whereas Kempner uses 


Notice that the basic null-polynomial b,,) is a non-zero polynomial of minimal degree q(n) 
(see, e.g., [8, Theorem 8]). This fact is used in the following decomposition theorem. With the 
notations above we have: 


Theorem 8. Every null-polynomial p in Z,,,|x| has a unique decomposition of the form 


t(n) 
p(x) = >) an(x)bi(a), 


k=l 


where qx © Zin/x,|x| has degree strictly less than B,_, — B, if k > 1 and where deg(qi) = deg(p) — f,. 


Proof. We start by proving the existence of a decomposition of the desired type. 
In a first step, we can write 


P(x) = ai(x)bi (x) + pil) 


with q: € Z,|x], deg(q:) = deg(p) — B,, and deg(p,) < f,, by dividing the polynomials with 
remainder (observe that b, is normed). 
Now, we assume by induction that the decomposition has the form 


l 


p(x) = S© ge(x) be(x) + pi(x) 


k=1 


with deg(p;) < f,. Then, the next step is carried out as follows: p; is a null-polynomial in Z,,.|x] 
of the form 
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Pilx) = a + ax + +++ + ag,1xh 


Hence, by Theorem 5, it follows that 
a;(B; — 1)! =0 modn 
for all i € {0,1,..., 8, — 1}. Since f,,, = s((n, (B; — 1)!)) < B, this implies 
ait | ai 


for all i € {0,1,...,f8,— 1}. Hence, we can divide the polynomial p; by bj; with remainder and 
obtain 


pulx) = qryi(x) bi41 (x) + pips (x) 


with deg(pi+1) < Bir, deg(qiuri) < Bi — Bry, and quiz © Zn/x,,,[x]. This iterative process ends as 
soon as deg(pi41) < q(n), since then, it follows that pj;; =0 mod n by [8, Theorem 8]. 
Now, we assume by contradiction that there exist two different decompositions of p, say 


0= «(4k — 4,) modn (7) 


with a smallest index ko with q., # q,,. Let i denote the highest power i in q;,, and q,, with dif- 
ferent coefficients a; # a; in Z,/,, . Then, according to the construction of the basic null-polyno- 
mials b;, the coefficient of the highest power of x on the right-hand side of (7) is a,(a; — a). By 
(7), we have 
Xx, (ai — 4;) =0 modn 
SS 


CZ nay, 


which implies that a; = a; mod (n/o,,), and this is a contradiction. 


2.3. The number of polyfunctions 
The result of the previous section allows now to compute the cardinality of the ring G(Z,). 


Corollary 9. The number ‘¥(n) of polyfunctions over Z,, is given by 


t(n) 
Hn) = TP mpi) 


with the convention fy := 0. 


Proof. We consider the additive group F(n) of polynomials in Z,[x] of degree strictly less than 
s(n) and the normal subgroup N(n) of all null-polynomials in F(n). The additive group of poly- 
functions over Z,, is then isomorphic to the quotient F(n)/N(n). All cosets have the cardinality 
of the set of null-polynomials of degree strictly less than s(n), namely, according to Theorem 8, 


In(n)| = il G —_ 


Oj 


On the other hand, the number of polynomials of degree strictly less than s(n) is |F(n)| =n". 
Division |F(n)|/|N(m)| gives the claimed formula. 
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Example 10. Let us come back to Example 6 with n=90: The formula in Corollary 9 gives 
‘P(90) = (90,6!)°(90, 5!) ~'(90, 3!)~7(90, 2!)"! = 246037500 for the number of polyfunctions 
over Zo. 


In the case when n equals the power of a prime number the formula for takes a particularly 
simple form. Since ¥ will be shown to be multiplicative, it is actually enough to know the values 
of ‘Y(p”) for p prime (see Section 2.3.1). 


2.3.1. The case n = p™, p prime 

At this point it is useful to include a general remark on rings of polyfunctions: If R and S are 
commutative rings with unit element, then G(R®S) and G(R) ® G(S) are isomorphic as rings in 
the obvious way. In particular, since Z, ® Zim = Zym if m and n are relatively prime, we have 
that 


G(Znm) = G(Zn) 8 G(Zm) 


if (m,n) = 1. Therefore, we may confine ourselves to the case n= p™, p prime, without loss 
of generality. 
This observation gives rise to the following version of Corollary 9, see also [10]. 


Proposition 11. Let ‘¥(n) denote the number of polyfunctions over Z, and s the Smarandache 
function. Then, 


(i) the function ‘¥ is multiplicative, i.e. if (m,n) = 1 then ‘¥(mn) = ¥(m)¥(n), and 
(ii) for a prime number p and m © N there holds 


¥(p™) = expy (> 0) : 


k=l 
where we write exp, a := p* for typographical reasons. 


Example 12. Before we prove Proposition 11, we come back to Example 10, where n= 90. By (i) 
in Proposition 11, we have 


‘P(90) = P(2)'P(37) ¥(5) 


and the factors are by (ii) ‘¥(2) = 27, W(3?) = 3° and W(5) =5°. The product of these num- 
bers is ‘¥(90) = 4 - 19683 - 3125 = 246037500 in accordance with the calculation in Example 10. 


At this point, it is useful to introduce one more quantity which will play a role in the proof of 
Proposition 11 and which is going to be used in the description of the algebraic structure of the 
ring of polyfunctions over Z, (see Section 3.2). For prime numbers p and integers k > 0, we 
define 


ep(k) := max{x € No : p*|ki}. 
Notice that e,(k) = j for jp < k < (j+1)p if k < p’. But the next number is e,(p*) = p+ 1. 


Proof of Proposition 11. 
(i) The multiplicativity follows immediately from the remark preceding the proposition. 
(ii) The basic null-polynomials of degree strictly less than s(p”) are in this case (see (6)) given by 


k 


bi(x) = p™ © T](x—-3) 


i=1 


124 (&) E. SPECKER ET AL. 


for k = p, 2p, 3p,....s(p”) — p. Thus the number of null-polynomials in Zp»[x] of degree strictly 
less than s(p”) is 


we dy 
II prelrh) 
k=1 
and the total number of polynomials in Zp»[x] of degree strictly less than s(p™) is 
pmse"), 


Division of both numbers yields the number of polyfunctions over Zn, namely 


s(p™) 
1 


Y(p™) = expp| p >> (m— ep(pk)) 
k=0 


Hence, the claim is proved if we verify that for all m € N there holds 


my 


10") 


» Sim m — ep(pk)) = J s(ph). (8) 


k=1 


Obviously, (8) is true for m= 1. Moreover s(p”*') — s(p™) is either 0 or p. Using this, it is easy 
to see, that (8) holds for m+ 1 if it is correct for m, and the claim follows by induction. 


Remark 13. 
(i) The formula in (ii) above is particularly simple in the case m < p: We observe that 
s(p*) = kp for k < p. Thus 


So s(ph) ee and ‘¥(p") = expo(r("}")) 


k=1 


for m < p. 

(ii) | While the present approach for counting the number of polyfunctions in Z,, consists in 
finding a unique representative for each null-polynomial, in [9, Theorem 5, p. 8], each pol- 
yfunction is shown to have a unique representative. An alternative proof of Theorem 11 is 
then given in [9, Theorem 6, p. 9] by counting these representatives. Moreover, a very 
short formula for ‘¥(m) is given in [9, Theorem 9, p. 10] in terms of the Smarandache 
function, the Mangoldt function, and the Dirichlet convolution. 

(iii) Not only the formula for ‘¥(n) looks particularly pleasant for n = p”, also the decompos- 
ition of the additive group F(n) takes its simplest form for powers of prime numbers. As 
mentioned earlier in this section, it is sufficient to know the structure of F(n) for n = p”. 
In this case, the decomposition in Theorem 14 simplifies to 


s(p™)/p-1 
Bip") Sp ® Z, gyn-ep (+ 
=0 


m 


Here and throughout Section 3, we will use the notation 
n 
nG=QG 
i=1 


for the n-fold direct product of a group G with itself, where n € N. 
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3. Algebraic properties of the ring of polyfunctions 
3.1. The additive group of polyfunctions 


Let F(n) denote the additive group of polyfunctions over Z,, and F,(n) the subgroup of polyfunc- 
tions which have a representative of degree less than or equal to k. Using the notation of Section 
2.2, we have the following result: 


Theorem 14. The group F(n) is isomorphic to 


+ 


n 


ao 


(B; i Bins) Zoe 


core 
ll 
an 


with the convention By) 41 = 0 and O(n)41 = Nn. 
We prepare the proof by the following lemma: 


Lemma 15. Let Bj < k+1< Bj_,,k > 0,2 <j < t(n) + 1. Then there holds: 


(i) | Every element in the quotient F(n)/F,(n) has order less than or equal to a. 
(ii) | The polyfunction represented by x**' has the order oj in F(n)/F,(n). 


Proof of the Lemma. 


(i) We have, that in F(n)/F,(n) 
axe! = axPixkt 1B _ bj (x) ykt+1-Bj -0 


SY 
=0 for all xEZ, 


since Bj < k+1. Here, 0; is a basic null-polynomial (see Section 2.2). Now, every f € 
F(n)/F,(n) contains x*t! as a factor and hence ord(f) < oj. 
(ii) Suppose ax*+1=0 in F(n)/F,(n) for some « in Z,. Then, by Theorem 5, 
o(k + 1)! =0 mod n. Hence, « is a multiple of 
n n 


RFD) BaD 


since k + 1 < B;_,. Thus we have 
n sci 
(n,(k+1)) 7 7 


(see Remark 7) and hence « ¢ {1,2,..., 0 — 1}. 
Now, Theorem 14 follows from Lemma 15 by iteration: First, we observe that 1 € F(n) has 
the (maximal) order n = %,),;. Thus 

F(n) = Z, ® F(n)/Fo(n) 


since finite Abelian groups split off a maximal cyclic subgroup. Now, we proceed iteratively 
and split in each step 


F(n)/Fy(n) = Za, B F(n) /Fryi(n) 


by using Lemma 15. The process stops as soon as k +1 = s(n), and by collecting the quo- 
tients we obtain the claimed decomposition. 
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Example 16. We revisit Examples 6, 10, and 12 respectively in order to compute the decompos- 
ition of F(90). With the notational conventions of Theorem 14 we have: 


In a first step, we decompose 


F(90) & Zoo ® F(90) /Fo(90). 


If k=0, we have 6, <k+1< fh, and hence F(90)/Fo(90) splits off a cyclic subgroup of order 
a5 = 90 and hence F(90)/Fo(90) & Zoo © F(90)/F, (90). 

If k=1, we have By <k+1 < PB; and hence F(90)/F,(90) splits off a cyclic subgroup of order 
a4 and hence F(90)/F,(90) Y Z4s5 ® F(90) /F(90). 

If k=2, 3, we have 6;<k+1< f, so we might split off twice the subgroup Zi5 and 
hence F(90) /F:(90) & Zi5 ® Zy5 B F(90) /F4(90). 

Finally, if k= 4, it holds that B, <k+1 < f, and we find F(90)/F,(90) & Z3 and the process 
ends. This leads to the desired decomposition 


F(90) & 3 B2Z 15 B Z45 B2Zo9 


and we find again |F(90)| = 3-15? - 45-90? = 246037500 in accordance with Examples 10 
and 12. 


Remark 17. Since it turns out that it is sufficient to know the structure of F(p”) for prime num- 
bers p (see Section 2.3.1), observe that in this case, the decomposition described in Theorem 14 
takes a particularly simple form (see Remark 13, item (iii)). 


3.2. The ring of polyfunctions 


In this section, we use the shorthand notation G(m) for G(Z,,), i.e. the ring of polyfunctions over 
Zn. We recall that G(mn) = G(m) ® G(n) if (m,n) = 1, and hence we may restrict ourselves to 
investigate the structure of G(n) in the case n = p” for p prime. Let I,,,, be the ideal of polyno- 
mials in Zpn[x] defined by 


Inm = tf € Zom[x] : f (kp) = Ofor all k}. 
Then, we have the following decomposition: 


Theorem 18. 
(i) G(p™) = p ZDom[x]/Ip,m- 
(ii) = Zpm[x|/Ip,m is not decomposable. 


Proof. We proceed in several steps: 
Step 1: For j € {0,1,...,p — 1} let 


Rip”) = {f € G(p”) : f(k) =0 if k#j modp}. 
It is clear that Rj(p”) is an ideal of G(p”) and that Rj(p”) 1 R\(p”) = {0} if ij. 
p-l 
Step 2: We show that G(p”) = @ R,(p”). 
j=0 


To see this, we define 
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where ¢~ denotes Euler’s ~-function. Then we have 


_f0 if k#0 modp ‘ii 
eo(k) = { 1 ifk=0 modp Td?” 
Moreover, for ¢;(x) := &(x —j), we have similarly 
ajo if k#j modp th 
a= { i her ade OO 


Hence, for f € G(p”), we have fe; € Rj(p”) and 
p-l 
f=) fe. 
7=0 
Then, 
p-l 
Do : G(p™”) => DR(P").f > (feo, fer, vag =) 
Pas 


is a ring isomorphism (the ring operations + and - are, as usual, defined componentwise). 
Step 3: We show that Rj(p”) & Ro(p™) for j € {0,1,...,p — 1}. 
The map 


®, : Ro(p") > Ri(p"), frog, 
where g(x) := f(x —j), x © Zpm is a ring isomorphism. Hence, according to the second step, we 
have that 
G(p™) = pRo(p™). 
Step 4: We show that Ro(p”) = Zpm[x]/Ip, m- 
To see this, we consider the map 
D, : Zyn[x] — Ro(p™), f > feo. 
®, is a surjective ring homomorphism. If f € ker(®2), then ®,(f)(k) =0 for all k € Zp» and 
hence f(jp)éo(jp) =f (jp) = 0 for all j. This implies that f € Ip, m. Arguing in the opposite direc- 
tion, we conclude that f € I,m implies that f € ker(®). 
Now, (i) follows from the third and the fourth step and it remains to prove (ii). This is done 
in the last step: 
Step 5: We show, that Ro(p”) is not decomposable: 


Let f € Ro(p™) be such that f? =f. In particular, this means f*(jp) =f(jp) for all j. Hence, 
f (jp) € {0,1} for all j. Observe, that 


f(ip) =f(0) modp 
and hence 
f(k) =0 for all k € Zon 


or 


_ fo ifk#0 modp, 
fa) = 4% if k=O modp. 


It follows that only two elements f € Ro(p™) with the property f? =f exist. In a decomposable 
ring there are at least four elements with f* = f. This completes the proof. 
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We now want to investigate the structure of the ideal J,,,, in more detail. First, for m € N 
and a prime number p, we define 


s(p") :=min{xe N : p™|p*x!}. 
Then, for r € {1,2,...,s*(p”) — 1} let 
e(r) := max{xeE N : p*|p'r!} 
and 
e"(s*(p™)) =m. 
Remark 19. s* is connected with the Smarandache function by 
p s'(p") = s(p"). 
Let us assume, that f € Ip,m : 
f(x) = ayxt+anx? +--+ +a,x". 
Then, f(jp) = 0 mod p” for all j and hence, the polynomial 
g(x) = aypxt anp?x +--+ + ap'x” 
is a null-polynomial over Lim. Hence, it follows from Theorem 5 that 
ap*r!=0 modp” 
for all k € {1,2,...,r}. From, this congruence, we immediately obtain the following conclusion. 
Proposition 20. 


(i) If f € Ip,m is normed, then deg(f) > s*(p™). 
(ii) If f © Ippms f(x) = ax + anx* +--+ +.a,x", with r < s*(p™), then 


pr ETE ae 
holds for all k € {1,2,...,r}. 


Now, the polynomials in I,,,, can be decomposed similarly as the null-polynomials (see 
Section 2.2 and (6)). The basic polynomials are in this case 


k 
bj (x) = p™ ° T] (x + jp) 


jel 
for k € {1,2,...,s*(p”)}. In fact, we have: 
Lemma 21. bf € Ip,m for all k € {1,2,...,8"(p™)}. 


Proof. We have 


(9) 


The right-hand side of (9) is congruent 0 modulo p™ for all j as is easily seen by treating separ- 
ately the cases k < s*(p”) and k = s*(p™). 


COMMUNICATIONS IN ALGEBRA” 129 


3.3. The units in G(Z,) 


The previous results on the algebraic structure of the ring of polyfunctions over Z,, allow now to 
answer more specific questions. As an example, we consider the multiplicative subgroup U,, of 
units in G(Z,,) and ask for the size of U3. 

For this, we consider the set Q of polynomials in Z,,«[x] with degree strictly less than s(3*) =: 
r+1.A polynomial q € Q, q(x) = ao + a1x + anx? + +--+ a,x" with a; € Z,x, represents accord- 
ing to [9, Proposition 3, p. 5] an invertible polyfunction (ie. a unit in G(Z)) if and only if its 
image is contained in the multiplicative subgroup of units in Z, that is 


q(i) #0 mod3 for i=0,1,2. (10) 
(Observe that q(x + 3j) = q(x) mod 3 for all integers x and j.) Let 


7 
d = ) aj 
i=1 
i odd 


and 


7 
Xo = ) Qj. 
i=2 


i even 
Then, we can rewrite (10) in the form 
ao ~ 0 mod3 


ap + d+ Xe Z£ 0 mod3 (11) 
ag + x} + 2d) x 0 mod3 


It is then easy to determine the total number X of solutions (do, aj, ...,a,) € Zin of (11): 


X —g.3k(rt))-3, 
Now, two polynomials in Q represent the same unit in G(Z,,.) if and only if their difference is a 


null-polynomial of degree strictly less than s(3*). The number Y of such null-polynomials is 
according to Proposition 11 given by 


3ks(3*) 


Y Way) 


Division of X by Y yields the following result: 


Proposition 22. 
k 


as? ay 
|Uy| = (5) P(3*) = (5) exps( }>s(3')). 
i=l 
In other words, the fraction of units among all polyfunctions in G(Z.) is 3, independently of k. 
Proposition 22 gives a flavor of a more general result: In Section 4.2, we will determine the 
number of units in the ring Gg(Zpn) of multivariate polyfunctions. 


4. Polyfunctions in several variables 


In order to keep the formulas short, we use the following multi-index notation: For k= 
(ki, ko, ..5 ka) € Né and x := (x1, %2,...%a) € Né let 
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d 


d d d 
x=] [x k! =| [k!, \k| =) & and i) =|] 
i=l i=l i=l ‘ 


i=l 
Recall that 
Ga(R) = {f :R4 > R| Ape R[x1,%25..%Xa] Vx € Ri => p(x) =f(x)}, 


equipped with pointwise addition and multiplication denotes the ring of polyfunctions in d varia- 
bles, whenever R is a commutative ring with unit element. 

An alternative (but equivalent) construction is to define G4(R) recursively as the ring of poly- 
functions in one variable from R to Gg_;(R) by 


Gq(R) = {f : R— Gg_-1(R) | dp € Gy_1(R)[x]_ Vx € R= p(x) =f (x)}. 


4.1. The number of multivariate polyfunctions on Z, 


We recall a few facts and definitions from [9] in order to count the number of polyfunctions on 
Z» in d variables, and again it is enough to find a formula for n = p™ since we have the natural 
decomposition Gy(Zay) = Ga(Za) B Ga(Zp) if (a,b) = 1. We define the set 


Sa(n) = {ke Né: nyt} (12) 


and let sq(n) := |Sa(n)| be the generalization of the Smarandache function introduced in [9]. As 
for the case of one variable we define 


ep(k) = max{x € No : p*|kl}. 


Definition 23. Let a be an element of Z,. We say, the polynomial ax* € Z,,|x] is reducible 
(modulo n) if a polynomial p(x) € Z,[x] exists with deg(p) < |k| such that ax* = p(x) mod n for 
all x € Z4. Moreover, we say that ax* is weakly reducible if ax* = p(x) mod n for all x € Z’, 
where p € Z,,|x] is such that deg(p) < |k| (instead of deg(p) < |k|) and such that x* (or a multiple 
of it) does not appear as a monomial in p. 

We will need the following lemma (see also [9, Lemma 4, p. 6]) which characterizes tuples k 
for which ax* is (weakly) reducible in Z,[x]. 


Lemma 24. 
(i) If ax* is weakly reducible modulo n, then n\ak!. 
(ii) If njak!, then ax* is reducible modulo n. 


Proof. 
(i) We assume, that p(x) reduces ax* weakly. Hence, q(x) := ax* — p(x) is a null-polynomial in 
d variables over Z,,. Let us define the following “integral” for functions f : Z, > Zp : 


[ferduce == os ("7g 


0 j 


Now, we write q in the form 


for suitable coefficients qi € Z,, with qx = a. Then, modulo n, we have 
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0= [ fo es [ q(x) du(x1)...du(xa-1)du(xa) = 


0 


ka pka-1 ky 
= " a| | | x'du(x,)...du(xq—1)du(xa). 
0 Jo 0 
Observe that the only term which does not vanish in the above sum is 


ka pka-1 ky 
«| | aI x*du(x,)...du(xq_1)du(xq) = akl. 


0 JO 


In fact all other terms vanish by (3), since |l| < |k| and 1 4 k implies that for some i € {0,1,...,d} we 
have IJ; < k; and therefore the integral with respect to x; gives zero. This completes the proof of (i). 


(ii) We assume, that n|ak!. Then, the polynomial 
dk, d 
— ; _ ! Xj + k; _ | x+ k 
q(x) : al] LL +) m1 ( ie ak! k 


is a null-polynomial over Z, and the term of maximal degree is ax*. Hence, q(x) — ax* reduces 
k 
ax®. 


As an immediate consequence, we have: 
Corollary 25. A monomial x* is reducible modulo n if and only if it is weakly reducible. 


Furthermore it is proved in [9, Proposition 5, p. 8] that every polyfunction f € Gqg(Zp») has a 
unique representative of the form 


keNé 

ep(k) <m 
where o € {0,1,...,p~‘) — 1}. Notice, that e,(k) < m if and only if k € S4(p”) and hence this 
representative can be written as 


f(x) = S- atx, (13) 
keSu(p™) 

In the case of one variable, what the Smarandache function really does is counting the number 
of monomials x‘, k € No, which are not reducible. Using the unique representative of a poly- 
function above we can count the number of monomials x*, k € Né4, which are not reducible 
and hence to find a formula for ‘¥a(n) which counts the number of polyfunctions in Gg(Z,). 
In view of (13), we have for every coefficient o, exactly p”~‘r'*) 
we obtain: 


choices and therefore 


Proposition 26. The number of polyfunctions in Gq(Zpm) is given by 
oe = [Tf oe. (14) 


keN# 
ep(k)<m 
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On the other hand it is shown in [9, Theorem 6, p. 9] that 
Walp”) = exp p (3-40). (15) 
k=1 


The equivalence of the two formulas (14) and (15) can be established by a similar induction 
argument as in the proof of Proposition 11. However, it is much more instructive, to give a direct 
algebraic argument: We consider the surjective homomorphism H of rings defined by 


H : Gq(Zpmi) + Ga(Zpn), freH(f) =hof oh". (16) 
Here, 


h: Lym — Zon, [x] pms os [x] pm» 
where [x],, denotes the coset of x € Z modulo n. Similarly, 


h* : Zin _- Zits [] pm b> [2] pm 


where [x] jm = [(x1,.-%d)]ym = ([X1] pms +++ [Xa] pm) for 0 <x; <p”. Then, 
Wap") = |Ga(Zpms)| = |Ga(Zpm)| Iker 


and the equivalence of (14) and (15) is proved if we can show that 


m+1) 


|ker H| = p#?"™), (17) 


In view of (13), every polyfunction f € Gg(Zpn+1) has a unique representation 


f)= S> ast 


keSq (p™+1) 


where o% € {0,1,...,p’"t!~* — 1}. Since every number in this set can be written in a unique 
way as 
Ok = ys pg, 
{i< m+1:kESq(p')} 
where 0%; € Zp, all coefficients can be described as ip™*-6®), k € S(p™*!) and i=0,1,...p—1 
(see also [9, Proposition 5, p. 8]). 

Observe, that f € kerH if and only if f(x) =0 mod p”, ie. exactly if pf vanishes as a func- 
tion hans — Lom. 

Now, for each k € S4(p”*!) and every a; := ip”~°), i= 0,1,....p — 1, the monomial a,px* is 
reducible modulo p™*! by Lemma 24 since p”*'|ajpk!. This implies that p”|ajk! and hence the 
monomial a;x* is reducible modulo p”, i.e. there exists a polynomial q; ,(x) of degree strictly less 
than |k| which agrees modulo p” with a;x*. Thus, a;x* — q;,4(x) represent polyfunctions in ker H. 
By the considerations above, every f € kerH has therefore a unique representation of the form 

fe)= So ax*—aiklx), i€ {0,1,...p—1} 
keS4(p"*!) 


mel) 


, as Claimed. 


and hence |kerH| = p!S#"")! = ps«(P 


4.2. The number of units in Gq(Zp=) 


We end this discussion by coming back to the question of units in the ring of polyfunctions (see 
Proposition 22). We denote by U%, the multiplicative subgroup of units in Gg(Z pm) and continue 
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to use the notation a(p") = |Ga(Zpn)|. We refer here to the formula a(p”") = 
exp p(> >; Sa(p*)) from Proposition 26, where sq(p*) is defined in (12). Then the following prop- 
osition holds 


Proposition 27. 
—]\” 
\v4,| = (>) ¥a(p"). 


Proof. Using [9, Proposition 3, p. 5], we know that the elements in Usn are precisely the unit-val- 
ued polyfunctions in Gg(Zpn). Note that every function Ze — 7Z is a polyfunction hence 


|Ga(Zp)| = p*? and since there are p — 1 units in Zp, we have 
us| =(p-). 
We use again the map 
Hi Ga(Zpun) > Ga(Zpn), fro H(f) = hof oh" 
as defined after (16). Now 
f © Usn <=> H(f) € Usn. 


Indeed, f € Upm: if and only if foh* is unit valued with values in Zpn if and only if ((fo 
h*)(x),p™*!) = 1 if and only if (H(f)(x), pt!) = 1 if and only if (H(f)(x), p”) = 1 (see also [2, 
Remark 12.1, Lemmas 7 and 8]). We conclude that 


d d 
[Ufa] = [kerFl|US 
and it follows from the proof of Proposition 26 that |kerH| = p%’""). So, inductively 
=| [oof 
i=2 


and since |UZ| =(p- 1)” we find using the formula for '¥g(p”) of Proposition 26 


m = d 
\u4,| = (p— 1)” exp, (Sow) - (=) "wa(p”). 


d 
ud, 


P 
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